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The Fourier Transform

Fourier transform theory

So far we have been processing images by looking at the grey level at each point in the
image. These methods are known as spatial methods.

However, there are many ways of transforming image data into alternative representations
that are more amenable for certain types of analysis. The most common image transform
takes spatial data and transforms it into frequency data. This is done using the Fourier
transform.

The Fourier transform is simply a method of expressing a function (which is a point in
some infinite dimensional vector space of functions) in terms of the sum of its projections
onto a set of basis functions. Since an image is only defined on a closed and bounded
domain (the image window), we can assume that the image is defined as being zero outside
this window. In other words, we can assume that the image function is integrable over
the real line.

To see how the Fourier transform works, we will begin with a one-dimensional signal and
consider a simple step function. This is equivalent to taking a horizontal slice through an
image that is black on its left half and white on its right half, as shown in figure 1.

Now, a step function (or a square wave form) can be represented as a sum of sine waves
of frequency w, 3w, 5w, ..., where w is the frequency of the square wave, and we recall
that frequency = 1/wavelength. Normally, frequency refers to the rate of repetitions per
unit time, that is, the number of cycles per second (Hertz). In images we are concerned
with spatial frequency, that is, the rate at which brightness in the image varies across the
image, or varies with viewing angle. Figure 2 shows the sum of the first few terms in a
sine wave decomposition of a square wave. This sum converges to the square wave as the
number of terms tends to infinity.
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Figure 1: A step function as a slice through an image.
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Figure 2: A step function is the sum of an infinite number of sine waves.

From the decomposition of the signal into varying sinusoidal components we can construct
a diagram displaying the amplitudes of all the sinusoids for all the frequencies. A graph
of such a diagram is given in figure 3 below for the square wave.

Note that we have to consider negative frequencies (whatever that might actually mean)
so the sinusoidal component of frequency f and amplitude A; has to be split into two
components of amplitude A;/2 at the frequencies +f and —f. A graph of the amplitude
of the Fourier components is known as the spectrum of the wave form.
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Figure 3: The amplitude of the sine waves at each frequency for a square wave.

So what does the Fourier transform really mean? When we calculate the Fourier transform
of an image, we treat the intensity signal across the image as a function, not just an array



of values. The Fourier transform describes a way of decomposing a function into a sum
of orthogonal basis functions in just the same way as we decompose a point in Euclidean
space into the sum of its basis vector components.

For example, a vector v in 3-space is described in terms of 3 orthogonal unit vectors i, j
and k, and we can write v as the sum of its projections onto these 3 basis vectors:

v =i+ yj+ zk.

Given the vector v, we can calculate the components of v in each of the i, j, and k
directions by calculating the dot product (or inner product or projection) of v and each
of these basis vectors. Thus

r=v-i,y=v-jandz =v-k.

A similar process is used to calculate the Fourier transform of a function. The func-
tion is just, conceptually, a point in some vector space (although now the vector space
is infinitely dimensional). Given our orthogonal basis functions, we calculate the com-
ponent of our given function in each of the basis functions by calculating the inner
product between the two. The standard basis functions used for Fourier transform are
{sin(2rwz), cos(2rwz),w € R} or, equivalently {e7*™* o € R}. It is the frequency
w that varies over the set of all real numbers to give us an infinite collection of basis
functions. Since

e = cos(2mwx) + isin(2rwr),

we see that the Fourier transform has real and imaginary components. Moreover, the
exponential form of basis function allows us to represent both real and complex valued
functions by their Fourier transform.

We can show that any two basis functions of different frequencies are orthogonal by
calculating their inner product and showing that it is 0. For example, for the real case
and considering only the cosine terms,

/cos(27rw1x) cos(2mwox)dx = 0

for wy # wq, because the function being integrated is actually a cosine function itself
(2cos Acos B = cos(A + B) + cos(A — B)) and so it has equal areas above and below the
T-axis.

Thus, we project our given function f onto our basis functions e 27 to get the Fourier
amplitudes F'(w) for each frequency w:

F(f@) = Fw) = [ fla)e > d.

In general, F'(w) will be complex, say of the form a(w) + ib(w).

We often express F' in polar form though:
F(w) =| F(w) | *),

where

| F(w) |= Va? + b2
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Figure 4: The amplitude and phase angle of a sine wave at a particular frequency.

and ;
d(w) = tan_l(g).

The norm of the amplitude, | F'(w) | is called the Fourier spectrum of f, and the exponent
®(w) is called the phase angle. The square of the amplitude is just P(w) = a?(w) + b*(w)
and is called the power spectrum of f.

In many applications only the amplitude information is needed and the phase informa-
tion is discarded. However, despite this common practice, phase information should not
be ignored. In images, as in sound signals, phase carries considerable information [3].
Openheim and Lim have shown that if we construct synthetic images made from the am-
plitude information of one image and the phase information of another, it is the image
corresponding to the phase data that we perceive, if somewhat degraded.

Figure 5: The amplitude data are taken from the vdu image and the phase data are taken
from the face image.



Figure 6: The phase data dominates our perception.

Now, having generated the Fourier transform of a function, we want to be able to recon-
struct the original function from its Fourier components. This is simply done by summing
up all the Fourier components multiplied by their corresponding basis function, that is,

flz) = /F(w)ezm‘”dw.

This is analogous to expressing the vector v as the sum of its projections onto the basis
vectors. Note that the inverse Fourier transform uses the basis functions e?*“* whilst the
Fourier transform uses the basis functions e=2™“#, This prevents a sign change occurring
in the reconstruction process, since i x i = —1,—i xi=1.

Example Consider again the square wave form shown in the figure below.
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Figure 7: A square wave form and its Fourier spectrum.

Now
Flw) = /f(x)e_%i“’xdz
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This is a complex-valued quantity, and the Fourier spectrum is given by its modulus,

AX#TeX) - The last step in this evaluation uses the identity (e — e)/2i = sin),

which can be seen very easily by looking at the vector geometry defined by the complex
exponential terms.

Important properties of the Fourier transform

Suppose we are given two functions f and g, with Fourier transforms F and G, and
suppose that a and b are constants. Then

e The Fourier transform is linear, that is,
Flaf(x)+bg(x)) = aF(w) + bG(w).

e Changing spatial scale inversely affects frequency and amplitude, that is,
1w
F(f(ax)) = —F(=).

a a
e Shifting the function only changes the phase of the spectrum, that is,
F(f(x —a)) = F(w)e*™.
We can also take advantage of symmetries in the spatial and frequency domains as follows:
e if f(x) is real, then F(—w) = F(w)*
e if f(x) is imaginary, then F(—w) = —F(w)*
e if f(x) is even, then F(—w) = F(w)
e if f(x) is odd, then F(—w) = —F(w).
Here, the notation * indicates the complex conjugate operation. Thus, if f(x) is real and

even, then F'(w) is real and even, and if f(x) is real and odd, then F(w) is imaginary and
odd.

The Convolution Theorem tells us that convolution in the spatial domain corresponds to
multiplication in the frequency domain, and vice versa. That is,

f(@)©g(z) & Fw)G(w)
and equivalently
f(@)g(z) & F(w) @ G(w).

Thus, convolution with large masks in the spatial domain can often be done more ef-
ficiently as multiplication in the frequency domain. Likewise, division in the frequency
domain corresponds to deconvolution in the spatial domain. This is the basis by which
image restoration for blur due to focus or motion is done.
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Two dimensional Fourier transforms

Now an image is thought of as a two dimensional function and so the Fourier transform
of an image is a two dimensional object. Thus, if f is an image, then

F(w,v) ://f(:v,y)e_%i(‘”””y)da:dy.

Fortunately, it is possible to calculate this integral in two stages, since the 2D Fourier
transform is separable. Thus, we first form the Fourier transform with respect to x:

F(w,y) = / [, y)e ™ da

and then we calculate the Fourier transform of this function of y:

Flw,v) = /F(w,y)e_%i”ydy.

The discrete Fourier transform

So far, we have been considering functions defined on the continuous line. In digital
images we can only process a function defined on a discrete set of points. This leads us to
the discrete Fourier transform(DFT), whose equations are very similar to those for the
continuous Fourier transform.

The DFT provides information over a discrete number of frequencies, so we need to
determine precisely which frequencies these are. To do this, we sample a continuous
function f at intervals of A, generating a sequence of sampled values

where k = ..., —2,—1,0,1,2,... The reciprocal of A is the sampling rate, or frequency.
For any sampling interval A, there is a special frequency w,. called the Nyquist critical

frequency:
1

20
The Nyquist frequency represents the highest frequency that can be represented by some-
thing sampled at intervals of A, that is, a frequency having wavelength of 2A. Alterna-
tively, if one is seeking to describe a function by a set of discrete values, we must sample
the function at 2 times the highest frequency in the function.

We

For example, critical sampling of a sine wave is at 2 sample points per cycle; sampling at
any slower rate will “miss” the sine wave.

If we wish to take the Fourier transform of N sampled values of a function {fx, k =
0,1,...} with N items of input, then we will not be able to produce more than N inde-
pendent items of output.



Figure 8: Critical sampling of a sine wave. Sampling at a slower rate will miss the
structure of the particular sine wave.

We generate the Fourier transform at discrete frequencies

n
Wp = )
" NA

where n = %, % +1,..., % These limits correspond to the upper and lower Nyquist

frequencies.

We now approximate the integral equation for the Fourier transform by a discrete sum-
mation:

Flw, = /f(x)e_%i“"xdx
N

Q
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Typically, the sampling distance A is set to 1, so the discrete Fourier transform is given

by
N-1 )
Fn _ Z fk€—2mkn/N‘
k=0

The inverse discrete Fourier transform is given by

1 N-1

_ - F, 27rz'kn/N'
Jr N nZ:O €

Note that the only differences between the forward and inverse transforms are (i) changing
the sign in the exponential, and (ii) dividing the answer by N.



So far, we are considering n to vary from —N/2 to N/2 as k varies from 0 to N — 1.
However, our equation for the DFT is periodic in n with period IV, that is,

—2mik 4 —2mik ML

€ =e€

Thus, if we let n vary from 0 to N — 1 (which is a complete period) we will cover all the
frequencies and n will vary in exact correspondence to k. Thus

e n = 0 corresponds to the zero frequency component,
e 1 <n< % — 1 corresponds to the frequencies 0 < w < w,

° % +1<n < N —1 corresponds to the frequencies —w. < w < 0, and

n = N/2 corresponds to both —w,. and w,.

All standard implementations of the FFT produce data in this form.

The DFT needs N complex multiplications of fi, by e 2™**/N and N — 1 additions of the
resulting values to transform N values; its complexity is thus proportional to N2, thus
justifying its nickname of the Slow Fourier Transform.

The Fast Fourier Transform (FFT) is an ingenious algorithm which exploits various prop-
erties of the Fourier transform to enable the transformation to be done in O(NlogaN)
operations. However, the FFT requires the size of the input data to be a power of 2; if
this is not the case, the data are either truncated or padded out with zeros.
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