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Camera calibration

We will now look at image formation and camera geometry in detail to determine how
one calibrates a camera to determine the relationship between what appears on the image
(or retinal) plane and where it is located in the 3D world.

Imagine we have a three dimensional coordinate system whose origin is at the centre of
projection (also called the optical centre) and whose Z axis is along the optical axis, as
shown in Figure 1. This coordinate system is called the standard coordinate system of
the camera. A point M on an object with coordinates (X, Y, Z) will be imaged at some
point m = (x,y) in the image plane. These coordinates are with respect to a coordinate
system whose origin is at the intersection of the optical axis and the image plane, and
whose x and y axes are parallel to the X and Y axes. The relationship between the two
coordinate systems (¢, z,y) and (C, X,Y, Z) is given by
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where f is the effective focal length! of the camera and is often measured in pixel units.

This can be written linearly in homogeneous coordinates as
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where s # 0 is a scale factor.

Now, the actual pixel coordinates (u,v) are defined with respect to an origin in the top
left hand corner of the image plane, and will satisfy

u = ug+x and
= VotYy (2)

IThis is not the same as the focal length (e.g., a 9mm lens) marked on the lens of the camera.
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Figure 1: The coordinate systems involved in camera calibration.

We can express the transformation from three dimensional world coordinates to image
pixel coordinates using a 3 x 4 matrix. This is done by substituting equation (1) into
equation (2) and multiplying through by Z to obtain

Zu = Zug+ Xf

v = ZUO+Yf. (3)
In other words,
sU f 0 u O X
Y
sv | =10 f vy O 7|
S 00 1 0 1

where the scaling factor s has value Z. In short hand notation, we write this as

i=KX,

where u represents the homogeneous vector of image pixel coordinates, K is the perspec-
tive projection matrix, and X is the homogeneous vector of world coordinates. Thus, a
camera can be considered as a system that performs a linear projective transformation
from the projective space P? into the projective plane P2.

There are three camera parameters, namely the focal length f, the parameter uy which is
the u pixel coordinate at the principal point?, and the parameter vy which is the v pixel

2The principal point is the image of the camera’s optical centre.



coordinate at the principal point. Some old-fashioned CCD cameras have non-square
pixels. These types of cameras are said to have aspect ratio other than 1 and would give
rise to different scalings in the u and v-axes (e.g., a sphere would appear as an ellipse
in the image). For these types of cameras, two terms, f, and f,, would be required to
describe the effective focal length. The term f, is the effective focal length in the u pixel
units and f, is the effective focal length in the v pixel units. As all modern cameras have
unit aspect ratio, we can safely assume f, = f, = f. The parameters f, uy and vy do not
depend on the position and orientation of the camera in space, and are thus called the
ntrinsic parameters.

In general, the three dimensional world coordinates of a point will not be specified in a
frame whose origin is at the centre of projection and whose Z axis lies along the optical
axis. Some other, more convenient frame, will more likely be specified, and then we
have to include a change of coordinates from this other frame to the standard coordinate

system. Thus we have 5
ua=KTX,

where T is a 4 X 4 homogeneous transformation matrix:

R t
T = )
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The top 3 x 3 corner is a rotation matrix R and encodes the camera orientation with
respect to a given world frame; the final column is a homogeneous vector t capturing
the camera displacement from the world frame origin. The matrix 7" has six degrees of

freedom, three for the orientation, and three for the translation of the camera. These
parameters are known as the extrinsic camera parameters.

The 3 x 4 camera matrix K and the 4 x 4 homogeneous transform 7" combine to form
a single 3 x 4 matrix C, called the camera calibration matriz. We can write the general
form of C as a function of the intrinsic and extrinsic parameters:

frl 4+ uery  ft. + uot,
C=| fry +wvry ft,+uvt. |, (4)
s t,

where the vectors ry, ra, and r3 are the row vectors of the matrix R, and t = (t,,t,,t.)".
The matrix C, like the matrix K, has rank three.
Orthographic projection

Consider a translation of f along the Z axis of the standard coordinate frame, so that
the origin and the centre of the image plane are coincident, and the focal point is now
positioned at Z = —f. Since there is no rotation involved in this transformation, it is
easy to see that the camera calibration matrix is just

f 000
C=|0f00],
001 f



where we are assuming that the pixel width and height are both 1. Now since C is defined
up to a scale factor, this is the same as

1 0 0 0
C=|0100
1
|00 5 1]
Now, if we let f go to infinity, the matrix becomes
[1 0 0 0]
C=|(0100{.
| 00 0 1

This defines the transformation v = X and v = Y and is known as an orthographic pro-
jection parallel to the Z axis. It appears as the limit of the general perspective projection
as the focal length f becomes large with respect to the distance Z of the camera from the
object.

Solving for the calibration matrix

Calibration is the process of estimating the intrinsic and extrinsic parameters of the
camera. It can be thought of as a two stage process:

e estimating the matrix C, and

e estimating the intrinsic and extrinsic parameters from C.

In many cases, particularly for stereo, the second stage is not necessary.

We assume that we are given the 3D coordinate vectors X; = (X;,Y;, Z;) " of N reference
points as well as the 2D retinal coordinates (u;, v;) of their images. In general, we have at
least 6 points, preferably more, and they are arranged in a special pattern, such as that
shown in Figure 2.

There are several methods for obtaining the coefficients of the matrix C. We will outline
both linear and non-linear methods.

Linear methods for estimating C

Linear method 1

Recall that in homogeneous coordinates we have a linear relationship between the image
points with coordinates (u;, v;) " and the 3D reference point coordinates (X;,Y;, Z;)" given
by

X;

SiUsg q11 12 413 414 %
SiVi | = | 421 422 G23 (24 ZZ. ) (5)

S; 431 432 ({33 (34 12



Figure 2: The pattern of points on a calibration frame.

or, in more compact form:

Ui a; qu ~
Si |Vi| = qQT g | X, (6)
1 qu 434
where qu = (q;1,4j2, qj3), for j =1,--- 3. Because of the arbitrary scale factor involved,

we may set ¢34 = 1. From this equation we can write

o Xign +Yiqie + Ziqiz + qua
‘ Xigqz1 + Yigzo + Ziqsz + 1

and
_ Xiga1 + Yigoe + Zigas + Goa

" Xigs1 + Yigso + Zigzs + 1

This implies that
Xiqu +Yiqi2 + Ziqis + qua — uXiqs1 — uYiqze — uZ;qsz = u;

and
Xiqo1 + Yiqee + Ziqas + qaa — vX;q31 — vYiqze — vZiq33 = ;.

So given a set of N 3D world points and their image coordinates, we can build up the
following matrix equation:
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where the large matrix on the left consisting of known image and world coordinates is
2N x 11.

With 11 unknowns and each point providing 2 constraint equations, we need at least six
points to solve the equation.

The best least squares estimate of the g;; is obtained using the pseudo-inverse as derived
below.

We can write (7) in matrix form as

Aq = b, (8)

where A is the 2N x 11 matrix, q = (qi1,- -+ ,qs3) " is a 11-vector, and b is the 2 N-vector
in (7).
To estimate the unknown elements embodied in the vector q, we formulate the problem
as one of minimizing ||Aq — b||?, where ||.|| denotes the 2-norm?® of the vector.
Let
L = ||Aq - b|]* = (Aq - b)' (Aq - b).
Then our objective is
min L = min(Aq — b)"(Aq — b)
q q

Differentiating L with respect to q and setting to 0 gives

AT(Aq—b) =0
— ATAq=ATb
— q=(ATA) AT (9)

In general, the term (A" A)"*AT is commonly known as the pseudo-inverse of the matrix
A and is often denoted by AT, i.e.,

AT = (ATA) AT

It is clear from (9) that q can only be estimated if AT A is invertible. With A being a
2Nx11 matrix, this means that AT A must be of full rank (i.e. 11). That is, we need N > 6
and the rows of A must not be linearly dependent so that the rank of A would not collapse
to less than 11. Thus, we must ensure that the reference points {X; |1 <i < N, N > 6}
are in general position. This means that the chosen reference points must not lie in a
certain configuration, which can be defined mathematically but is beyond the scope of
this lecture. If six or more points are chosen at random, and do not lie on a plane, then
we can be confident that this situation will not occur.

a
3For example, ||(a,b,c)|| = Va2 + b2+ c2. So ||(a,b,¢)||? = a®+b?>+c2=(a b c)|b].
p
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Linear method 2

A slightly different way of solving for the unknowns ¢;; is to relax the condition ¢34 = 1
in (5), giving
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(10)
In matrix form, this is
Aq=0, (11)

where, in this case, A is a 2N x12 data matrix, q is a 12-vector containing the unknowns
¢ij, and O is a 2N-vector of zeros. A trivial solution to (11) is q = 0, which is not
physically significant. To obtain the non-trivial solution, we can use a technique known
as constrained optimization. That is, we formulate the problem as one of minimizing

1 Aqll® (12)

subject to the constraint ||q||> — 1 = 0 (This constraint will prevent q from becoming a
zero vector.).

Let A > 0 be the Lagrange multiplier. Then the Lagrangian to be minimized is

L(q,\) = (Aq) ' (Aq) — Ma'q—1).
Differentiating L with respect to q and setting to 0 gives
oL

— =ATAq—-)\q=0
dq
= AT Aq = \q. (13)
Differentiating L with respect to A and setting to 0 gives
oL T
o —1=0
on 14
— q'q=1. (14)

Pre-multiplying both sides of (13) by q' gives
q'ATAq=Xq'q
= (4q)'(4g)=A-1
= 1Aql” = X (15)



We see that the left hand side of (15) is the same expression that we try to minimize in
(12). This says that to minimize ||Aq||?, we should minimize .

Now equation (13) tells us that q should be an eigenvector of the matrix A" A with \
being the corresponding eigenvalue. Equation (15), on the other hand, says that we should
minimize A as much as possible (ideally A should be 0). These two pieces of information
together simply say that q should be the eigenvector that corresponds to the smallest
eigenvalue of A" A.

Thus, we can solve for q via the eigen-decomposition of AT A.

Suffice it to say, it leads to a closed form solution. What is of more interest though, is
the question of the rank of the matrix A, since this reinforces our understanding of how
the reference points should be chosen. Let us reconsider equation (11). We can think of
what we are after in that equation is the non-trivial null vector q of the matrix A.

We know from standard linear algebra that if we have an n X m matrix A then
rank(A) + null(A) = m,

where null(A) represents the dimension of the null space of A. In our case n > m = 12
and there are three cases to consider:

e rank(A) = 12. Then the null space has dimension 0, and there is only one solution
to the system, namely q = 0, which is not very meaningful. See also the discussion
later about this case.

e rank(A) = 11. Then the null space has dimension 1 and there is a unique solution
(up to a scale factor).

e rank(A) < 11. Then the null space has dimension 2 or more. The null vector q we
are seeking can be any vector in this 2-dimensional space. This means that there is
an infinite number of solutions to equation (11). One way in which this can happen
is if all the world reference points are in a plane.

So, we come to the same conclusion as our previous analysis of the pseudo-inverse and
non-singularity of AT A: we need to ensure that we use at least 6 world reference points
and that they are in general position.

Note that the rank of A is often 12 rather than 11 in calibration with real data — noise
inflates the rank of the matrix!!! When noise is present in our data points, the end result is
that the smallest eigenvalue of A" A is not zero but a small positive number*. We can often
pinpoint how much noise there is in our data (i.e., the world and image coordinates of the
reference points) by inspecting the ratio between the smallest and the largest eigenvalues
of the data matrix A" A.

Non-linear methods for estimating C

It is possible to re-cast the problem of solving equation (5) as a non-linear minimization
problem, where we attempt to minimize the distance in the image plane between the point

4Note that AT A is positive definite and symmetric. See the earlier lecture note on the positive definite
property of a matrix.



coordinates (u;,v;) and the re-projected points of (X;,Y;, Z;,1) using the estimate of C.
We can do this by defining the quantity

N

-3

i=1

q1TXz' +quu
q?TXi + Q34

i — v (16)

2
" H qy Xi + g
CI3TXi + @34

This quantity, e, is known as the reprojection error. Unlike the linear methods which yield
closed-form solutions, a non-linear method only refines an initial estimate of the solution
in an iterative fashion, leading to a better estimate of the solution. In that regards, we
can treat a non-linear method as a postprocess that refines the initial estimate of the
solution obtained from a linear method.

Using the initial estimate of @ = (qi1,- -+ ,¢s4)' that we obtain from any of the linear
methods mentioned above, we can compute an initial value of the reprojection error, e,
using (16). Applying any standard minimization technique, such as gradient descent or
Newton’s method, we can compute a new and improved estimate of q that gives a smaller
reprojection error e in each iteration.

It is important that the initial estimate of the solution q is very close to the true solution.
Otherwise, the non-linear method that we adopt may lead to a local minimum rather
than the global minimum. One will also need to set a suitable stopping criterion for
terminating the iteration (e.g., terminate iteration when e < 1079).

In general, non-linear methods lead to much more robust solutions.

Decomposing C to obtain intrinsic parameters

Clearly, not every 3 x 4 matrix can be written in the form of equation (4) above. Indeed,
this matrix depends upon nine parameters, f,ug, vo, 5,1y, ., and the three independent
degrees of freedom associated with the rotation matrix R = [ry, ra, r3]T. A general 3 x 4
projective matrix has eleven degrees of freedom: it has 12 entries, but an arbitrary scale
factor is involved, so one of the entries can be set to 1 without loss of generality.

With the elements of C written in the form as (6), there exist 4 sets of intrinsic and
extrinsic parameters such that C can be written in the form of equation (4) if and only
if the following two conditions are satisfied:

1. ||gs]| =1, and
2. (@1 Adas) - (@2 Aqs) =0,

To see why this is true, we will consider the following proof, and, in the process, compute
explicitly the nine unknown parameters:

If C is in the form of equation (4), then q3 = r3, and since r3 is a row of a
rotation matrix, its norm is 1. Moreover,

(@i Aas)- (g2 Aas) = (fri+wuers) Ars- (fra+wvers) Ars
(fr1 AN I’3) . (fr2 A\ I’3)
= 0. (17)



So in the case when C is a matrix in the form of equation (4), both of these
conditions clearly hold.

To prove the converse, we note that if ||qs||> = 1 then the third row of C must
be a unit vector. The second condition

(a1 Aas)- (g2 Aqs) =0,

on the other hand, implies that q;, q2, and q3 can take on the more strict
form that they are mutually orthogonal to each other. However, they can also
take the more general form as given below:

Q) = airy + Birs
Qo = qory + [(ors

g3 = I3,

where aq, as, 81, and [y are arbitrary constants. Clearly, for modern cameras,
we would expect a; &~ as. The two conditions in (17) impose no constraints
on the 4" column of the C matrix, leaving ¢, and t, to take on values that fit
with other parameters.

In practice, C is defined up to an wunknown scale factor so
las|| # 1. To decompose C to obtain the intrinsic and extrinsic parame-
ters, we must firstly estimate the unknown scale factor, s, that ‘undoes’ the
scaling. We incorporate s into the C matrix and rewrite (4) as follows:

q  qu fr{ +ugry  ft, + uot,
slay qul| = |fry + vor; fty + ot | . (18)
q;‘)— q34 I‘;— tz

Then ||s qs|| = ||rs|| implies that ||sqs|| = 1. Thus,

1
s== : (2 solutions)
lasl

Next,

434 .

t,=5qu == ) (2 solutions)

|asl

and
rs = $qs. (2 solutions)

As ry is orthogonal to rs, the dot product of fri + ugrs and r3 will annihilate
the f term, leaving only the ug term. So

10



ug = s%(qq - q3). (1 solution)

Similarly,

vo = 5*(q - q3). (1 solution)

Again, the mutual orthogonality of ry, rs, and r3 can be exploited in the cross
product of fr; 4+ ugrs and rs for estimating f:

f==45%ai Aqs. (2 solutions for each value of s) (%)

The minus sign in the formula (x) above takes care of the case when f is
negative (this depends on which direction the optical axis is pointing). Alter-
natively,

f==5%az A qs|. (2 solutions for each value of s) (*)

Ideally, the values of f obtained from (%) and (x’) should be identical. If
these two values are similar then it is reasonable to take the average from the
two formulae as the final value for f; otherwise, the accuracy of the data and
your calibration/computation procedure must be re-examined. You may also
need to reconsider your assumption about the pixels being square (rather than
rectangular).

Finally, having computed f,t,,uo and vy, we can now compute ry,ro,t, and
ty:

~—

/f (2 solutions)

/f (2 solutions)

/f (2 solutions)
(

/f

ry=s ((h — Upq3
rp =S5 (QQ — Voq3
ta: = (3 q14 — uOtz

ty = (5¢aa — Vot

2 solutions)

Because of the choices of +1 in front of the solution for s and the combination of a
+ sign for f, we see that there are four possible sets of solutions for the intrinsic and
extrinsic parameters. These four sets of solutions correspond to whether the origin of the
coordinates is in front of the camera (¢, > 0) or behind it (¢, < 0), and to the choice of
the direction of the optical axis. Note that you may rule out two sets of the solutions if
you enforce a right-hand coordinate system, which imposes that det(R) must be equal to

1 (rather than —1).
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